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Set notations

» Let E be a finite set
» Aset Sis called a if any element of S is also an

element of E

» If S is a subset of E, we write
» The set of all subsets of E is denoted by AES)

» IfE=1{1,2,3}
> Then P(E) = {0, {1}, {2}, {3}, {1,2}, {2,3},{1,3},{1,2,3}}

» Remark. S € P(E) means that S is a subset of E
» The proposition S € P(E) can thus be equivalently written
asSCE

Silvio Guimar3es — Professor version Graph 4 de 34



Graph

» A is a pair G = (E,T") where E is a finite set and where
is a map from E to P(E)
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Graph

» A is a pair G = (E,T") where E is a finite set and where
is a map from E to P(E)

» G=(E,T)
» with E ={1,2,3,4} and
» [ defined by

» (1) ={1,2,4}

» [(2)=1{3,1}
> [(3) ={4}
» I (5) =10
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Definition

» A is a pair G = (E,T") where E is a finite set and where
is a map from E to P(E)

~ 6= (E.N) |
» with E ={1,2,3,4} and

» [ defined by ’
- T(1) = {1,2,4)
- 1) = (3.1} <

> 1(3) = {4}

> r(5) -0 Representation by arrows
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» A is a pair G = (E,T") where E is a finite set and where
is a map from E to P(E)

» G=(E,T)
» with E ={1,2,3,4} and
» [ defined by

» (1) ={1,2,4}

» [(2)=1{3,1}
» [(3)=1{4
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Usual terminology

» Any element of E is called a NI CR={ETs1 WEY)

» 1 js a vertex of G I

o
5
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Usual terminology

» Any element of E is called a NI CR={ETs1 WEY)
» Let x and y be two vertices of E, if y € I'(x),

> yis a EIEESIIRI and x is a Lo oo 1 %

» 1 js a vertex of G I

» 4 js a successor of 3

)T
CD
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Usual terminology

» Any element of E is called a NI CR={ETs1 WEY)

» Let x and y be two vertices of E, if y € I'(x),

> yis a EIEESIIRI and x is a Lo oo 1 %
> the ordered pair (x,y) is called an BEIEINIRIEls]NE)

» 1 js a vertex of G I

» 4 js a successor of 3

» 2 js a predecessor of 3

» Thus, (3,4) and (2,3) are
two arcs of G °
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» The symbol T denotes the PRI graph (E,IN)

i
. = {(1,1),(1,2),(1,4), °)°
(2,3),(2,1),(3,4)} 0
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» The symbol T denotes the PRI graph (E,IN)

> ? is a subset of the Cartesian product
ExE={(x,y)|x€E,ycE}: T €P(E xE)

> T ={(x,y) € ExE|yer(x)}

> T = {(1,1),(1,2),(1,4),
(2,3),(2,1),(3,4)}

Silvio Guimar3es — Professor version Graph 7 de 34



Equivalent representation of a graph

» The datum of the pair (U8B /s equivalent to the datum of the

pair :

Silvio Guimar3es — Professor version Graph 8 de 34



Equivalent representation of a graph

» The datum of the pair (U8B /s equivalent to the datum of the

pair :

» More precisely IREANANNCIRACHINS T

Silvio Guimar3es — Professor version Graph 8 de 34



Equivalent representation of a graph

» The datum of the pair (U8B /s equivalent to the datum of the

pair :

» More precisely INCSAN=-NANNCIR=ACEINS T
» Therefore, the pair (E, ?) is also called
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» The datum of the pair ({=MB] /s equivalent to the datum of the

pair (E,?) :
» More precisely IS AN =NEANCIRACEIRS T

» Therefore, the pair (E, ?) is also called EN4EI

,andm=|T|
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» The datum of the pair ({=MB] /s equivalent to the datum of the

pair (E,?) :
» More precisely IS AN =NEANCIRACEIRS T

» Therefore, the pair (E, ?) is also called EN4EI

,andm=|T|
» The size of the graph G = (E,T) is the sum n+ m
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Exercise: Union of graphs

» Let E={a,b,c,d, e},

> Let I; = {(a,¢), (¢, d), (d, e)}

> let 5 = {(b, ), (a,d), (d, ), (c, )}
S T
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Exercise: Union of graphs

» Let E={a,b,c,d, e},

> Let I; = {(a,¢), (¢, d), (d, e)}

> let Ts = {(b,a), (a,d), (d, ), (c, )}

> Let Ty =1 UTs

» Give the sets I'1(a), M2(a), M3(a), T1(b), M2(b), T'3(b), 1(d),

rz(d), and F3(d)

Property. For any I'_1>7 F_2>, F—3> € P(E x E) such that F—3> = F—l> U F_2>:

Vx € E, r3(X) = rl(X) U FQ(X)
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Representation of a graph in a computer memory

> By a set of [ISge and a set of |
(i.e., representation of (E, ?))

» By a set of §igaley and sets of [Tl

(i.e., representation of (E,T))
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Representation of a graph in a computer memory

» By a set of [Sg0eay and a set of |
(i.e., representation of (E, ?))

» By a set of §igaley and sets of [Tl

(i.e., representation of (E,T))

» Representation of a set in a memory

> Representation of a subset S of E = {1,...,n}
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Representation of a subset S of E = {1,...,n} by a linked list (LL)

» The [T is made of (1YY

» Each node represents an element of S

» Each node contains two fields
1. An of S (an integer between 1 and n)
2. A [EEENE (i.e., a link) to the next node in the LL
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Representation of a subset S of E = {1,...,n} by a linked list (LL)

» The [T is made of (1YY

» Each node represents an element of S

» Each node contains two fields
1. An of S (an integer between 1 and n)
2. A EEEN (i.e., a link) to the next node in the LL

» Let S ={1,2,4}

\
=
\
&)
\
~
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Boolean array (BA)

» A Boolean array of size n
» The element at index / is set to QEIMENN whenever € S

» The element at index i is set to [EIEN()R whenever i ¢ S
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Boolean array (BA)

» A Boolean array of size n
» The element at index / is set to QEIMENN whenever € S

» The element at index i is set to [EIEN()R whenever i ¢ S

» Let E={1,...,9}, and S = {1,2,4}

1 2 3 4 5 6 7 8 9

1 1 0 1 0 0 0 0 0
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Operations on a subset of E

Operation LL BA

Initialization S=0 Oo(1) O(n)
Existence/selection I x € 57 0o(1) O(n)
Search x e S? O(n) 0(1)
Insertion S=SuU{x} | O(n)/O(1) O(1)
Suppression S=S\{x} | O(1) 0o(1)
Traversal VxeS O(n) O(n)
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Representation of a graph (E, ?) by a List of Arcs (LA)

v

E is made of integers between 1 to n

v

The arcs are considered in any order

v

T is represented by two arrays T and H of size m = |?|
T[i] is the first vertex (the [BIl) of the i-th arc
HIi] is the last vertex (the [2¥0) of the i-th arc

v

v
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Representation of a graph (E, ?) by a List of Arcs (LA)

» E is made of integers between 1 to n

» The arcs are considered in any order

> Tis represented by two arrays T and H of size m = |?|
T[i] is the first vertex (the [BIl) of the i-th arc

H[i] is the last vertex (the (23 of the i-th arc

v

v

v

Example: give two arrays T and H that represent the following

graph
i
CO) T
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Representation of a graph (E,IN)

» By an Array A of Linked Lists - ALL

» Alilisa to a linked list that represents the set I'(/) of
the the successors of the vertex i
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Representation of a graph (E,I')

» By an Array A of Linked Lists - ALL

» Alilisa to a linked list that represents the set I'(/) of
the the successors of the vertex i

» By a Boolean Matrix M - BM

> Boolean array of size n x n

» The row i is the representation of (/) as a Boolean array
> Ml =14, eTl()

» Give the representation of the following graph by a ALL
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Representation of a graph (E,I')

» By an Array A of Linked Lists - ALL

» Alilisa to a linked list that represents the set I'(/) of
the the successors of the vertex i

» By a Boolean Matrix M - BM

> Boolean array of size n x n

» The row i is the representation of (/) as a Boolean array
> Ml =14, eTl()

» Give the representation of the following graph by a ALL and BM
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Symmetric of a graph

» Let G = (E,T) be a graph
> The of G is the graph G=! = (E,T 1) defined by
» Vx € E, T (x)={yeE|xeTl(y)}
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Definition
» Let G = (E,T) be a graph
> The of G is the graph G—1 = (E, 1) defined by
» Vx e E, T (x)={y e E|xel(y)}

Example

Graphe G Symétrique de G
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» 1 of G to the set of its predecessors

»yelYx)exerl(y)
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Computing the symmetric of a graph

Algorithm SYM 1 (Data: (E,T) ; Results : 1)

1 For each x € E do I}(x) := 0;

2 For each y € E do
3 For each x € ['(x) do

4 F_l(x) = F_l(x) U{y} 8
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Computing the symmetric of a graph

Algorithm SYM 1 (Data: (E,T) ; Results : 1)

1 For each x € E do I}(x) := 0;

2 For each y € E do
3 For each x € ['(x) do

4 F_l(x) = F_l(x) U{y} 8

® 3 ®3

E,T) (E,T71)
y=1
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Algorithm SYM 1 (Data: (E,T) ; Results : 1)

1 For each x € E do I}(x) := 0;

2 For each y € E do
3 For each x € ['(x) do

4 F_l(x) = F_l(x) U{y} 8

® 3 ®3
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2 For each y € E do
3 For each x € ['(x) do

4 F_l(x) = F_l(x) U{y} 8

® 3 ®3

E,T) (E;T79)
y:2 X =

Silvio Guimar3es — Professor version Graph 22 de 34
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Algorithm SYM 1 (Data: (E,T) ; Results : 1)

1 For each x € E do I}(x) := 0;

2 For each y € E do
3 For each x € ['(x) do

I T (x) =T (x) U {y}§
Complexity (If I and ! are implemented by a BM)

> line 1: O(n?)
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Algorithm SYM 1 (Data: (E,T) ; Results : 1)

1 For each x € E do I}(x) := 0;

2 For each y € E do
3 For each x € ['(x) do

I T (x) =T (x) U {y}§
Complexity (If I and ! are implemented by a BM)
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Algorithm SYM 1 (Data: (E,T) ; Results : 1)

1 For each x € E do I}(x) := 0;

2 For each y € E do
3 For each x € ['(x) do

I T (x) =T (x) U {y}§
Complexity (If I and ! are implemented by a BM)

> line 1: O(n?)
» line 2: O(n)
> line 3: O(n?)
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Algorithm SYM 1 (Data: (E,T) ; Results : 1)

1 For each x € E do I}(x) := 0;
2 For each y € E do
3 For each x € ['(x) do

I T (x) =T (x) U {y}§
Complexity (If I and ! are implemented by a BM)

> line 1: O(n?)
» line 2: O(n)
> line 3: O(n?)
> line 4: O(m)
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Algorithm SYM 1 (Data: (E,T) ; Results : 1)

1 For each x € E do I}(x) := 0;

2 For each y € E do
3 For each x € ['(x) do

() =) U{y} ]

Complexity (If I and ! are implemented by a BM)
> line 1: O(n?)
» line 2: O(n)
> line 3: O(n?)
> line 4: O(m)
l Overall complexity: O(n? + m) = O(n?)
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Algorithm SYM 1 (Data: (E,T) ; Results : 1)

1 For each x € E do I}(x) := 0;

2 For each y € E do
3 For each x € ['(x) do

() =) U{y} ]

Complexity (If I and I™! are implemented a ALL)
» Line 1: O(n)
» Line 2: O(n)
» Line 3: O(n+ m)
» Line 4: O(m)

Gl Overall complexity: O(n+ m)

Silvio Guimar3es — Professor version Graph




Computing the symmetric of a graph

Algorithm SYM 2 (Data: (E?) ; Results : FT{)
1 rj =0;

2 For each (x,y) € T do
3 1:=ru{(y,x)};
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Algorithm SYM 2 (Data: (E, ?) ; Results : Fj)
1 rj =0 :

2 For each (x,y) € T do
3 1:=ru{(y,x)};

Complexity (If T and Ij are implemented by LA)
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Algorithm SYM 2 (Data: (E, ?) ; Results : Fj)
1 rj =0 :

2 For each (x,y) € T do
3 1:=ru{(y,x)};

Complexity (If ? and Ij are implemented by LA)
» Line 1: O(1)
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Algorithm SYM 2 (Data: (E, ?) ; Results : Fj)
1 rj =0 :

2 For each (x,y) € T do
3 1:=ru{(y,x)};

Complexity (If ? and Ij are implemented by LA)
» Line 1: O(1)
» Line 2 : O(m)
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Algorithm SYM 2 (Data: (E, ?) ; Results : Fj)
1 rj =0 :

2 For each (x,y) € T do
3 1:=ru{(y,x)};

Complexity (If T and Ij are implemented by LA)
» Line 1: O(1)
» Line 2 : O(m)
» Line 3: O(m)
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Algorithm SYM 2 (Data: (E, ?) ; Results : Fj)
1 rj =0 :

2 For each (x,y) € T do
3 ML= LU {(y.)) ;

Complexity (If T and Ij are implemented by LA)
» Line 1: O(1)
» Line 2 : O(m)
» Line 3: O(m)

(@l Overall complexity O(m)
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Definition
-

» A graph G = (E,T) is said [BululEtgte it =
> In other words, G is symmetric if: Vx,y € E x € [(y) & y € [(x)

Example

® 3

2

Symmetric graph
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Definition
» A graph G = (E,T) is said [Bululale ifrj = ?
> In other words, G is symmetric if: Vx,y € E x € [(y) & y € [(x)
» A graph G = (E,T) is said [ESYululE e ifT AT j =0
> G is asymmetric if: Vx,y € E, (x,y) 6? = (y,x ¢?

Example

® 3 3

2 2

Symmetric graph Asymmetric graph
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Definition

> let G = (E,?) be a graph

> The of G is the graph G5 = (E, FZ) defined by
ﬁ
n=Tur

Example

2 2

Graph G Symmetric closure of G
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Undirected graph

> A PILHEERAE I is a pair (E,T) where E is a finite set and

where T is a subset of { {x,y} | x€ E, y € E}
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> A Wl R4e2 ) is a pair (E,T) where E is a finite set and

where T is a subset of { {x,y} | x€ E, y € E'}

» E={a,b,c,d} andT = { {a,b},{b,c},{c,d},{d,a} }
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> A Wl R4e2 ) is a pair (E,T) where E is a finite set and

where T is a subset of { {x,y} | x€ E, y € E'}
> Any element of T is called an of the graph

» E={a,b,c,d} andT = { {a,b},{b,c},{c,d},{d,a} }
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> A is a pair (E,T) where E is a finite set and
where T is a subset of { {x,y} | x€ E, y € E'}
> Any element of T is called an of the graph

> The edge {x,y} €T is to the vertices x and y

» E={a,b,c,d} andT = { {a,b},{b,c},{c,d},{d,a} }
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Undirected graphs & symmetric graphs

- Lot (1) e IR

» We associate to ' the map no: E— P(E) defined
by rn.o(X) = {y €E | {va} € r}
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Undirected graphs & symmetric graphs

> Let (E,T) be a QIS RAEI 1.

» We associate to I' the map Mot E — P(E) defined
by Tno(x)={y € E|{x,y} €T}

> The graph (E,Tn,) is
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Undirected graphs & symmetric graphs

> Let (E,T) be a QIS RAEI 1.

» We associate to I' the map Mot E — P(E) defined
by Tno(x)={y € E|{x,y} €T}

> The graph (E,Tn,) is

» The datum of a symmetric graph is to the datum of a
undirected graph
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Undirected graph associated to a directed graph

> We associate to any directed graph (E,T), the undirected
graph (E,T") defined by
» {x,y} eT & (x,y) € T or (y,x) € T

Example

2 2 ]

a graph its symmetric closure its associated undirected graph
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Definition

Let G = (E,T) be a graph

Gisa [ ifvx € E, x €T(x)

G is ifVx € E, x ¢ T(x)
Any arc (x,x) € T is called a

Example
! 1
3 3
2 2

Reflexive graph Non reflexive graph Irreflexive graph

v

v

v

v

and non irreflexive (without loop)
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Definition

» A graph (E, ?) without loop is a el =Nl if for any
pair (x,y) of vertices, we have (x,y) €
Example
Complete graph Complete graph Complete graph
(directed) (undirected) (undirected)
over 3 vertices over 3 vertices over 5 vertices
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Exercise

» Let (E,T) be the complete undirected graph whose vertex set

is E={1,2,...,n,n+ 1}.
» Question 1. Describe two different ways to count the edges of G
» Question 2. Deduce from question 1, the

equality 1+2+ ...+ n= w
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