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» Problem: Fill the holes of the cells

» Closing by a structuring element,

» Holes are closed
» But contours “have moved”
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» Problem: Fill the holes of the cells

» Closing by a structuring element,

» Holes are closed
» But contours “have moved”

» A connected closing by reconstruction
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Outline of the lecture

Connectivity: reminder
Connected openings/closings: the case of sets
Connected opening: the case of grayscale images

Component tree
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> Eis a set
» G =(E,I)is a graph
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Connected components of a set

» Let X C E

> The FIHEI RIRENT I WP Q is the graph (X, x) such that

_)
> rxz{(x,y)e?lxeX,yeX}
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» Let X C E
> The is the graph (X, T x) such that
» Tx={(xy) €T |x€X,yeX}

» A connected component of the subgraph of G induced by X is
Sl VR RN connected component of X
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» Let X C E
> The is the graph (X, T x) such that
» Tx={(xy) €T |x€X,yeX}

» A connected component of the subgraph of G induced by X is
Sl VR RN connected component of X
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Let X CE

The IENISEILRIREWI Tl WM is the graph (X, [ x) such that

->
s Tx={(y) €T |x€X,yeX}

A connected component of the subgraph of G induced by X is
Sl VR RN connected component of X

v

v

v

» Cx denotes the set of all connected components of X
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Connected openings/closings

> A filter v on E is a Qeellilar=eRelelllgr-d if

» VX € P(E), Cyx) € Cx

> A filter ¢ on E is a [Eioa e halolry if

» VX € P(E), CW C Cy
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> A filter v on E is a Reelilillenele ReleLlgll)d if

» VX € P(E), ny(X) C Cx
» A filter p on E is a if

» A connected opening ~y is an opening

» VX, YEPE), XCY = ~(X)C~((Y) (increasing)
» VX € P(E), v(7(X)) = v(X) (idempotent)
» VX e P(E), v(X) C X (anti-axtensive)
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> A filter v on E is a Reelilillenele ReleLlgll)d if

» VX € P(E), ny(X) C Cx
» A filter p on E is a if

» A connected closing -y is a closing

» VX, YEPE), XCY = ~(X)C~((Y) (increasing)
» VX € P(E), v(7(X)) = v(X) (idempotence)
» VX e P(E), X C~(X) (extensive)
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Example: area connected opening

> [et \ e N

LI area connected opening of parameter \ WERAERe L1 aed

on E defined by
> VX € P(E), ax(X) = U{C € Cx | |C| > A}
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Example: area connected opening

» let A\ e N

Il arca connected opening of parameter \ RERIUEReJI10e o %)

on E defined by
> VX € P(E), ax(X) = U{C € Cx | |C| > A}

[oXeoNoNONOIoNOONON N NOXONO]

(E=7%etT =Ty)
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Example: area connected opening

» let A\ e N

Il arca connected opening of parameter \ RERIUEReJI10e o %)

on E defined by
> VX € P(E), ax(X) = U{C € Cx | |C| > A}

al(X)

[oXeoNoNONOIoNOONON N NOXONO]

(E=7%etT =Ty)
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Example: area connected opening

» let A\ e N

Il arca connected opening of parameter \ RERIUEReJI10e o %)

on E defined by
> VX € P(E), ax(X) = U{C € Cx | |C| > A}

QQ(X)

[oXeoNoNONOIoNOONON N NOXONO]

(E=7%etT =Ty)
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Example: area connected opening

» let A\ e N

Il arca connected opening of parameter \ RERIUEReJI10e o %)

on E defined by
> VX € P(E), ax(X) = U{C € Cx | |C| > A}

0413(X)

[oXeoNoNONOIoNOONON N NOXONO]

(E=7%etT =Ty)
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Example: connected opening by reconstruction

> Let MC E

LW opening by reconstruction of (the marker) M QERAE
operator 1y on E defined by
> VX € P(E), ¥m(X) = U{C € Cx | MN C # 0}
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Example: connected opening by reconstruction

Definition

> Let MC E

NN opening by reconstruction of (the marker) M JERLE

operator 1y on E defined by

> VX € P(E), pm(X) = U{C € Cx | MN C # 0}
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Example: connected opening by reconstruction

Definition

> Let MC E

NN opening by reconstruction of (the marker) M JERLE

operator 1y on E defined by

> VX € P(E), pm(X) = U{C € Cx | MN C # 0}
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Example: connected opening by reconstruction

> Let MC E

LW opening by reconstruction of (the marker) M QERAE
operator 1y on E defined by
> VX € P(E), ¥m(X) = U{C € Cx | MN C # 0}

Ym(X)
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Properties of connected filters

» ~ is a connected opening < x is a connected closing
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Property

> ~ is a connected opening < 7 is a connected closing

Property (contour preservation)

» [f~ is a connected opening or closing, then

» VX € P(E), V(x.y) e T,
{xyiny(X) =1 = Hx,y}nX[=1

Silvio Guimaraes Connected operators
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Grayscale connected opening/closing

Definition (connected opening)

» An operator v on I is a Reliase Rl AN i

» YF €Z, v(v(F)) =~v(F) (idempotence)
» VF.HeZ,Vke€Z, Fr C Hk = v(F)x € v(H)« (increasing)
» VF € Z,Vk € Z, Cly(F) < ClFg (connected, anti-extensive)
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Definition (connected opening)

» An operator vy on T is a [Relilcenle Mol XYl - Al AN if

» YF €Z, v(v(F)) =~v(F) (idempotence)
» VFELHeZ,Vk €Z, Fr € Hk = ~v(F)k € v(H)« (increasing)
» VF € Z,Vk € Z, Cly(F) < ClFg (connected, anti-extensive)

Definition (connected closing)

» An operatory onZ is a if
» YF €Z, v(~v(F)) =~v(F) (idempotence)
» VFELHeZ,VkeZ, F € Hk = ~v(F)x € v(H)« (increasing)
» VFeZ VkeZ, C CCry (connected, extensive)
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» The stack operator induced by ) (where A € N) is a connected
opening on 7

Altitudes

0000000000 00000 0OOOO00000O0O00000 00

E
E=7ZVxe E,T(x)={x,x—1,x+1}
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» The stack operator induced by ) (where A € N) is a connected
opening on 7

Altitudes

_|J:_|_|_I
b 000000 000000000000000000000000 000

E
E=7ZVxe E,T(x)={x,x—1,x+1}
Connected components of the level sets (red)
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» The stack operator induced by ) (where A € N) is a connected
opening on 7

Altitudes

_|J:_|_|_I
b 000000 000000000000000000000000 000

E
E=7ZVxe E,T(x)={x,x—1,x+1}
Connected components of area greater than 3 (blue)
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» The stack operator induced by ) (where A € N) is a connected
opening on 7

Altitudes

0 0000000000 0000DO0 0OO0O00OOOOV0O0O00O 00!

E
E=7ZVxe E,T(x)={x,x—1,x+1}
as(/)
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» The stack operator induced by ) (where A € N) is a connected
opening on 7

» The stack operator induced by 1y (where M C E) is a connected
opening on 7

Altitudes

0 0000000000 0000DO0 0OO0O00OOOOV0O0O00O 00!

E
E=7ZVxe E,T(x)={x,x—1,x+1}
as(/)
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» The stack operator induced by ) (where A € N) is a connected
opening on 7

» The stack operator induced by 1y (where M C E) is a connected
opening on 7

» The stack operator induced by any connected opening on E is a
connected opening on 7

Altitudes

0 0000000000 0000DO0 0OO0O00OOOOV0O0O00O 00!

E
E=7ZVxe E,T(x)={x,x—1,x+1}
as(/)
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Grayscale connected opening

>» let Fel
(WIEY opening by reconstruction of (the marker) F QRIS
operator 1) on T defined by
» VHel VkelZ, [’QZJF(H)];( = w[Fk](Hk)
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Grayscale connected opening

» let Fel

(WIEY opening by reconstruction of (the marker) F QRIS
operator 1) on T defined by
» VHel VkelZ, [’QZJF(H)];( = w[Fk](Hk)

Altitudes

T
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O 0000000000 00000 00000000 0O0000O0 0O

E
H in black, F in blue
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Grayscale connected opening

» let Fel

(WY opening by reconstruction of (the marker) F QRIS
operator g on T defined by
» VHel, VkeZ, [’(/JF(H)]k = 'lp[Fk](Hk)

Altitudes
F E::

r n
i M

H

J

|

0 00000 0000000000 0000000000000 0O0 0O

E
Ye(H) (in black)
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Properties

Property (duality)

» An operator ¢ is a connected closing on T if and only if its dual x¢
is a connected opening on I, where

» VF €Z, x¢(F) = —¢(—F)
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Property (duality)

» An operator ¢ is a connected closing on T if and only if its dual x¢
is a connected opening on I, where

» VF €Z, x¢(F) = —¢(—F)

Property (contour preservation)

» If v is a connected opening or closing on I, then
> VF € TY(x,y) € T,9(F)X) #F)y) = F(x)# F(y)

Silvio Guimaraes Connected operators
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Component tree

» How to implement a connected operator?
» Data structure: component tree
» How to build other connected operators?
> Criterion on the nodes of the component tree

Silvio Guimaraes Connected operators 18 de 33



> In the following, the symbol | denotes a grayscale image
onE:leT
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Connected component of an image

» We denote by C; the union of the sets of connected components of
the level sets of |
> Cr=U{Cy | ke Z}
» Each element in C; is called a connected component of /

Altitudes

B L
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I [

0 00000 0000000000 0000000000000 O00 0D

E
Components of / (bold red lines)
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Component tree

Definition

» Let C; and G, be two components of | in C,

» We say that (SRSERe < RIRGHIAYN i

» G C G
» VC' (), ifGGCC' CGthenC' =GorC =G

Altitudes

B s

| Fad

&-‘L_ P - The relation “is child of” is

— | represented by red arrows

E 2

0O 000000 000000000 000000 000000000 OO
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Component tree

Definition

» Let C; and G, be two components of | in C;

> We say that RGESEReI <RI RGN IAYN i

» G C G
» VC' (), ifGGCC' CGthenC' =GorC =G

» The is the graph A; = (C;,T) such that

> (Cl, C2) el if G isa child of G

Altitudes
| r . "i&
&'_ P The relation “is child of" is
I = —— I represented by red arrows

0O 000000 000000000 000000 000000000 OO

Silvio Guimaraes Connected operators 21 de 33



Arborescence

Property

» If the graph (E,T") is connected, then the component tree of | is an
arborescence of root E

Altitudes
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E
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Simplifying an image by razings

v

v

v

v

A leaf of the component tree A; of [ is called

Y regional maximum of /

A leaf of the component tree A_; of —/ is called

Y regional minimum of /

Given a criterion, it is possible to iteratively remove the leaves of
the tree A,

Such removal is called a

Silvio Guimaraes Connected operators 23 de 33



Razing: intuition

AAItitudes ﬂﬁ
s P
Bl

O 00000000 0000000000000 OOOOOOO0OO 00

E
Successive razing steps

Silvio Guimaraes Connected operators 24 de 33



Razing: intuition

A Altitudes ﬂﬁ
/
=) _&
I I
I | % ! -.?\\‘

O 00000000 0000000000000 OOOOOOO0OO 00

E
Successive razing steps
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Razing: intuition

A Altitudes ﬂﬁ
. &
Bl

B

O 00000000 0000000000000 OOOOOOO0OO 00

E
Successive razing steps
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Razing: intuition

A Altitudes

S

e

B

=8

O 00000000 0000000000000 OOOOOOO0OO 00

E

Successive razing steps
A maximum has been removed
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Razing: definition

> letx € E

> The EEUEUTIACTA -SRI AREIRY is defined b

> [v(D](y) =1I(y) — 1 if x and y belong to a same maximum of |
> [vx(D](y) = I(y) otherwise

» An image obtained from | by composition of elementary razings is
clled
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Simplifying an image by razings

» What criterion (attribute) for selecting a maxima to raze?
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Razing by area

i —_—— =
A Altitudes Urface

O 0000000000000 OOO00OOO0OOOOOOOO0OO 0O

E
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Razing by depth, or dynamics

A Altitudes profondeur

O 0000000000000 OOO00OOO0OOOOOOOO0OO 0O

E
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Razing by volume

A Altitudes
volume

O 0000000000000 OOO00OOO0OOOOOOOO0OO 0O

E
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Flooding

» The dual of a razing is called a Jjlelelslfif:s

» A flooding removes minima by iteratively increasing their values
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Flooding

» The dual of a razing is called a Jjlelelslfif:s

» A flooding removes minima by iteratively increasing their values

Property (contour preservation)

» [f F is a razing or a flooding of I, then

> Y(y) €T, F(x) # Fly) = 1(<) # ()
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Flooding

» The dual of a razing is called a [fjlefe)ellst:s

» A flooding removes minima by iteratively increasing their values

Property (contour preservation)

» [f F is a razing or a flooding of I, then

> Y(y) €T, F(x) # Fly) = 1(<) # ()

RENEIGE An operator produces razings is not necessarily an opening
(counter-examples: razing by dynamics or volume)
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Exercise

» Draw the image F obtained by razings all components of depth is

less than 12

» Compare the number of maxima of F and of /

Silvio Guimaraes

Altitudes
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Exercise

» Draw the image H obtained by the dual of the previous one, (i.e.,
the flooding that removes all components of depth is less than 12)
»
1. Draw —/
2. Apply a razing to —/
3. Inverse the obtained result

» Compare the numbers of minima of H and of /
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i o
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